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Abstract
We use local counterterm prescriptions for asymptotically flat space to compute
the action and conserved quantities in five-dimensional Kaluza-Klein theories. As an
application of these prescriptions we compute the mass of the Kaluza-Klein magnetic
monopole. We find consistent results with previous approaches that employ a back-
ground subtraction.
1 Introduction
The problem of defining energy in theories involving gravity has a long-standing history.
One would like for instance to be able to evaluate the total energy of an isolated object.
Throughout the years many expressions have been proposed for computing the total energy.
However, contrary to initial expectations, it was soon realised that finding satisfactory quan-
tities is a very difficult task. The essential idea in computing the energy is to consider the
values of the fields far away from the object and compare them with a background config-
uration, that is, with a ‘no-fields situation’. This is for instance the approach considered
when defining the ADM mass (see for instance [1]).
A related problem is that of computing the gravitational action of a non-compact space-
time. The gravitational action consists of the bulk Einstein-Hilbert term and it must be
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supplemented by the boundary Gibbons-Hawking term in order to have a well-defined vari-
ational principle. When evaluated on non-compact solutions of the field equations it turns
out that both terms diverge. The general remedy for this situation is to consider the values
of these quantities relative to those associated with some background reference spacetime,
whose boundary at infinity has the same induced metric as that of the original spacetime.
The background is chosen to have a topological structure that is compatible with that of
the original spacetime and also one requires that the spacetimes approaches it sufficiently
rapidly at infinity.
Unfortunately such background subtraction procedures are marred with difficulties: even
if some choices of such reference background spaces present themselves as ‘natural’, in gen-
eral these choices are by no means unique. Moreover, it is not always possible to embed
a boundary with a given induced metric into the reference background and for different
boundary geometries one needs different reference backgrounds [2]. A good example of the
difficulties one might encounter in such an endeavour is that of the celebrated Taub-NUT
solution (see for instance [3]-[8]).
Similar difficulties and ambiguities are encountered when trying to compute the action
and the conserved charges of the Kaluza-Klein monopole [9, 10], and in particular its gravita-
tional energy. Many such expressions for the conserved charges have been analysed in detail
[12, 13, 14]; the consistent answers they yield when applied to the Kaluza-Klein monopole
solution are for a definite choice of the reference background, one that is not a solution of
the field equations. Moreover it is not a flat background, so that the energy expression for a
Kaluza-Klein monopole is problematic. In general potential ambiguities arise in computing
energy and other conserved quantities in dimensionally-reduced gravitation theories. This is
partly because there are many distinct topological sectors, each of which requires a different
background, and partly because within a given fixed topological sector, there may not be
suitable background.
Motivated by recent results in the AdS/CFT conjecture, Balasubramanian and Kraus [15]
proposed adding a term (referred to as a counterterm) to the boundary at infinity, which
is a functional only of curvature invariants of the induced metric on the boundary. Such
terms will not interfere with the equations of motion because they are intrinsic invariants of
the boundary metric. By choosing appropriate counterterms, which cancel the divergences,
one can then obtain well-defined expressions for the action and the energy momentum of
the spacetime. Unlike background subtraction, this procedure is intrinsic to the spacetime
of interest and is unambiguous once the counterterm is specified. While there is a general
algorithm for generating the counterterms for asymptotically (A)dS spacetimes [16, 17], the
asymptotically flat case is considerably less-explored (see however [18] for some new results
in this direction). Early proposals [19, 20, 21] engendered study of proposed counterterm
expressions for a class of (d + 1)-dimensional asymptotically flat solutions whose boundary
topology is Sn×Rd−n [16]. This counterterm method has been applied to the five-dimensional
black ring [23] and to an asymptotically Melvin spacetime [24].
The interesting properties of the Kaluza-Klein monopole merit further study in this
context. In the present letter we propose using a local counterterm prescription to compute
its action and its conserved quantities in the five-dimensional Kaluza-Klein theory. In the
next section we introduce the counterterm action and the expression for the conserved mass
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using the boundary stress-energy tensor. In the third section we apply this method to
compute the action and the conserved mass of the Kaluza Klein monopole from the five-
dimensional point of view, while in the fourth section we compute the monopole energy from
the four-dimensional perspective of the dimensionally reduced theory, using two distinct
counterterm prescriptions. The last section is dedicated to conclusions, in which we comment
on the relationships between the various approaches.
2 The counterterm action
In (d+ 1)-dimensions, the gravitational action is generally taken to be:
Ig = − 1
16πG
∫
M
dd+1x
√−gR− 1
8πG
∫
∂M
ddx
√
−hK (1)
Here M is a (d + 1)-dimensional manifold with metric gµν , K is the trace of the extrinsic
curvature Kij =
1
2
hki∇knj of the boundary ∂M with unit normal ni and induced metric hij .
For asymptotically flat 4-dimensional spacetimes, the counterterm
Ict =
1
8πG
∫
d3x
√
−h
√
2R (2)
was proposed [19, 20] to eliminate divergences that occur in (1). An analysis of the higher
dimensional case [16] suggested in 5 dimensions the counterterm
Ict =
1
8πG
∫
d4x
√
−h R
3
2√R2 −RijRij (3)
whereRij is the Ricci tensor of the induced metric hij andR is the corresponding Ricci scalar.
This counterterm removes divergencies in the action for an asymptotically flat spacetime with
boundary topology S3 ×R and also for a S2 × R2 boundary topology.
By taking the variation of the action (3) with respect to the boundary metric hij we
obtain the following boundary stress-energy tensor:
8πG(Tct)
ij =
R 12
(R2 −RklRkl)
3
2
[
3RijRklRkl −RijR2 + 2RRikRjk +R3hij −RRklRklhij
]
+Φ
(i ;j)k
k −
1
2
Φij − 1
2
hijΦkl;kl,
where:
Φij =
R 12
(R2 −RklRkl)
3
2
[
2RRij + (R2 − 3RklRkl)hij
]
,
so that the final boundary stress energy tensor is given by:
Tij =
1
8πG
(Kij −Khij + (Tct)ij) (4)
3
For a five-dimensional asymptotically flat solution with a fibred boundary topology
R2 →֒ S2, we find that the action (1) can also be regularised using the following equiva-
lent counterterm
Ict =
1
8πG
∫
d4x
√
−h
√
2R (5)
where R is the Ricci scalar of the induced metric on the boundary, hij . By taking the
variation of this total action with respect to the boundary metric hij , it is straightforward
to compute the boundary stress-tensor, including (5):
Tij =
1
8πG
(Kij −Khij −Ψ(Rij −Rhij)− hijΨ +Ψ;ij)
where we denote Ψ =
√
2
R
. If the boundary geometry has an isometry generated by a Killing
vector ξi, then Tijξ
j is divergence free, from which it follows that the quantity
Q =
∮
Σ
d3SiTijξ
j,
associated with a closed surface Σ, is conserved. Physically, this means that a collection
of observers on the boundary with the induced metric hij measure the same value of Q,
provided the boundary has an isometry generated by ξ. In particular, if ξi = ∂/∂t then Q
is the conserved massM.
The counterterm (3) was proposed in [16] for spacetimes with boundary S2×R2, or S3×R.
On the other hand, the counterterm (3) is essentially equivalent to (5) for S2×R2 boundaries.
We find that when the boundary is taken to infinity both expressions cancel the divergences
in the action. Our choice of using (5) can be motivated by the fact that the expression for
the boundary stress-tensor is considerably simpler. However, different counterterms can lead
to different results when computing the energy, seriously constraining the various choices of
the boundary counterterms (see for instance [25, 26] for a general study of the counterterm
charges and a comparison with charges computed by other means in AdS context). As we
shall see in the next section, both expressions lead to a background-independent Kaluza-
Klein mass that agrees with other answers previously known in the literature; however, we
do find slight discrepancies in the diagonal components of the boundary stress-tensor .
3 The mass of the Kaluza-Klein Monopole
We begin by reviewing the original magnetic monopole solution in four dimensions that
arises as a Kaluza-Klein compactification of a five dimensional vacuum metric [9, 10] (see
also [11]). The essential ingredient used in the monopole construction is a four-dimensional
version of the Taub-NUT solution, with Euclidean signature. To construct the monopole
solution, we start with the Euclidean form of the Taub-NUT solution [27, 28, 29]:
ds2 = FE(r)(dχ− 2n cos θdϕ)2 + F−1E (r)dr2 + (r2 − n2)dΩ2
where
FE(r) =
r2 − 2mr + n2
r2 − n2 (6)
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In general, the U(1) isometry generated by the Killing vector ∂
∂χ
(that corresponds to the
coordinate χ that parameterizes the fibre S1) can have a zero-dimensional fixed point set
(referred to as a ‘nut’ solution) or a two-dimensional fixed point set (correspondingly referred
to as a ‘bolt’ solution). The regularity of the Euclidean Taub-nut solution requires that
the period of χ be β = 8πn (to ensure removal of the Dirac-Misner string singularity),
FE(r = n) = 0 (to ensure that the fixed point of the Killing vector
∂
∂χ
is zero-dimensional)
and also βF ′E(r = n) = 4π in order to avoid the presence of the conical singularities at r = n.
With these conditions we obtain m = n, yielding
FE(r) =
r − n
r + n
(7)
Taking now the product of this Euclidean space-time with the real line, we obtain the
Kaluza-Klein monopole, as described by the following five-dimensional Ricci flat metric:
ds2 = −dt2 + FE(r)(dχ− 2n cos θdϕ)2 + F−1E (r)dr2 + (r2 − n2)dΩ2 (8)
The other possibility to explore is using the Taub-bolt solution in four-dimensions instead
of the nut solution. In this case the Killing vector ∂
∂χ
has a two-dimensional fixed point set
in the four-dimensional Euclidean sector. The regularity of the solution is then ensured by
demanding that r ≥ 2n, while the period of the coordinate χ is 8πn and for the bolt solution
we obtain (with m = 5n/2) [30]:
FE(r) =
(r − 2n) (r − 1
2
n
)
r2 − n2 (9)
As in the case of the nut solution, we take the product with the real line and obtain a
metric in five-dimensions that is a solution of the vacuum Einstein field equations. The
physical interpretation of this last solution was recently clarified by Liang and Teo [31]. It
corresponds to a pair of coincident extremal dilatonic black holes with opposite unequal
magnetic charges.
Before we apply the counterterm prescription to compute the components of the boundary
stress-tensor, let us notice that the boundary topology of the KK monopole for constant,
finite values of the radial coordinate r is that of a squashed 3-sphere times a real line.
Therefore, one might expect that the proper counterterm action to use should be the one
corresponding to an S3 × R topology. However using that counterterm we find that it is
impossible to cancel out the divergences as r → ∞. Rather we note that, as r → ∞, the
boundary topology is that of a fibre bundle R × S1 →֒ S2 as the radius of S2 grows with r,
while the radius of S1 reaches a constant value. Thence, asymptotically, the choice of the
counterterm (5) is natural and indeed, we find that using this counterterm we can eliminate
the divergences in the action and obtain finite values for the total mass.
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Using the metric with the general expression (6) for the function FE(r) we find
8πGT tt =
m
r2
+O(r−3)
8πGT χχ =
2m
r2
+O(r−3)
8πGT χφ =
4mn cos θ
r2
+O(r−3)
8πGT θθ = −
m2 − 2n2
2r3
+O(r−4)
8πGT φφ = −
m2 − 2n2
2r3
+O(r−4) (10)
the rest of the terms being of order O(r−3) or higher. Then the conserved mass associated
with the Killing vector ξ = ∂/∂t is found to be:
M = 4πmn
G
However using the counterterm (3) and the boundary stress-tensor (4) we obtain
8πGT tt =
m
r2
+O(r−3)
8πGT χχ =
2m
r2
+O(r−3)
8πGT χφ =
4mn cos θ
r2
+O(r−3)
8πGT θθ = −
m2 − 4n2
2r3
+O(r−4)
8πGT φφ = −
m2 − 4n2
2r3
+O(r−4) (11)
It is easy to see that this boundary stress-energy tensor leads to the same mass as above.
Notice however that some of the components of the stress-energy tensor (11) are different
from the ones obtained in (10).
For Kaluza-Klein monopole we have m = n and we obtainM = 4pin2
G
, which is easily seen
to be the same with the one derived in [12, 13] by using a background subtraction procedure.1
For the bolt monopole we have m = 5n/2 and using either prescription (3) or (5) we obtain
M = 10pin2
G
. In both cases the regularized action takes the form I = βM, where β is the
periodicity of the Euclidian time τ = it. Upon application of the Gibbs-Duhem relation
S = βM− I we find that the entropy is zero, as expected since there are no horizons.
4 The monopole mass from the four dimensional per-
spective
It is instructive to compute the conserved mass after we perform the dimensional reduction
along the χ direction down to four-dimensions. While both the metric and the fields in gen-
1The parameter λ∞ used in [12] corresponds in our case to 4n, while k = 8piG.
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eral have singularities at the origin, this is not necessarily an obstruction since the conserved
charges are in general computed as surface integrals at infinity.
Using the metric ansatz:
ds25d = e
ϕ√
3ds24d + e
−2ϕ√
3 (dχ+A)2
we obtain the four-dimensional fields:
ds24d = −F
1
2
E dt
2 + F
−
1
2
E (r)dr
2 + F
1
2
E (r
2 − n2)dΩ2
A = −2n cos θdϕ, e φ√3 = F−
1
2
E (12)
It is clear that the metric is asymptotically flat and the form of the electromagnetic potential
A describes the electromagnetic field generated by a magnetic monopole.
In four-dimensions we can use the counterterm (2) , whose only difference from (5) is that
we are integrating now over a three-dimensional boundary instead of a four-dimensional one.
A similar computation with the one performed in five-dimensions yields
8πG4T
t
t =
m
r2
+O(r−3)
8πG4T
θ
θ =
n2 −m2
2r3
+O(r−4)
8πG4T
φ
φ =
n2 −m2
2r3
+O(r−4) (13)
for boundary stress-energy tensor, where G4 is Newton’s constant in four-dimensions. Then
the conserved mass associated with the Killing vector ξ = ∂/∂t is found to be:
M = m
2G4
Noting that we have the relation G = 8πnG4 we find that the mass computed using the
four-dimensional geometry agrees precisely with the one computed in the five-dimensional
theory.
Finally, we shall compute the mass using the methods from [18]. In that work, Mann
and Marolf put forward a new counterterm that is also given by a local function of the
boundary metric and its curvature tensor. The new counterterm is taken to be the trace Kˆ
of a symmetric tensor Kˆij that is defined implicitly in terms of the Ricci tensor Rij of the
induced metric on the boundary via the relation
Rik = KˆikKˆ − Kˆmi Kˆmk, (14)
In contrast to previous counterterm proposals (such as (3)) this new counterterm assigns
an identically zero action to the flat background in any coordinate systems while giving
finite values for asymptotically flat backgrounds. The renormalized action leads to the usual
conserved quantities that can also be expressed in terms of a boundary stress-tensor whose
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expression involves the electric part of the Weyl tensor:2
T 0iju
j =
1
8πG4
rEiju
j
Here Eij is the pull-back to the boundary of the contraction of the bulk Weyl tensor with the
induced metric while ui is the normal to the spacelike surface Σ. Computing this expression
in the r →∞ limit and contracting with the Killing vector ξ = ∂/∂t we obtain:
T 0ijξ
iuj =
1
8πG4
m
r2
+O(r−3)
while the conserved mass is found by simple integration to be:
M = m
2G4
in agreement with previous computations.
5 Discussion
In General Relativity there are many known expressions for computing the energy in asymp-
totically flat spacetimes. The general idea is to study the asymptotic values of the gravita-
tional field, far away from an isolated object, and compare them with those corresponding
to a gravitational field in the absence of the respective object. However, most of these pro-
posals will provide results that are relative to the choice of a reference background (be it
a spacetime metric or merely a connection). The background must be chosen such that its
topological properties match the solution whose action and conserved charges we want to
compute. However, this does not fix the choice of the background and moreover, there might
be cases in which the topological properties of the solution rule out any natural choice of
the background.
Most of these difficulties are simply avoided once we resort to the counterterm-method
[15, 16, 17, 19, 20]. The main motivation for the present work was to investigate the lo-
cal counterterm prescription for computing the action and the conserved charges in the
five-dimensional Kaluza-Klein theory and, more specifically, for the Kaluza-Klein monopole
solution. The main advantage of this approach is that it gives results that are intrinsic to
the solutions considered, that is, the results are not ‘relative’ to some reference background.
Using two distinct proposals for the boundary counterterm we computed the mass of the
Kaluza-Klein magnetic monopole and found agreement in both cases with previous results
derived by other means [12, 13]. We also extended our results to the case of the Kaluza-Klein
bolt-monopole solution. In the general context of Kaluza-Klein theory it is also tempting to
examine the energy from the point of view of the dimensionally-reduced theory. While the
metric and also the fields do have in general singularities at origin, this is not necessarily
2Even if the four-dimensional solution is not a vacuum metric, the net effect of the matter fields is to give
only sub-leading order corrections and to leading order we can still replace the bulk Riemann tensor with
the Weyl tensor.
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an obstruction since the conserved charges are in general computed as surface integrals at
infinity. In the four-dimensional theory, using the counterterm (2) proposed by Lau [19] and
Mann [20] as well as the new counterterm proposed in [18] we computed the mass of the
monopole and found it to be equal to the five-dimensional mass. A similar result was proved
in [12] using background subtraction methods.
Let us remark that the counterterm method for computing conserved charges might shed
some light on the old problem of which compactifications are preferred in Kaluza-Klein
theories. This problem involves a comparison of the gravitational energies corresponding
to different vacua. The advantage of the counterterm method is that by providing results
that are intrinsic to spacetime geometries it obviates the need to consider only the solutions
corresponding to the same asymptotic reference background.
Finally, we believe that our results warrant further study of the counterterm method
in asymptotically flat spacetimes. That the conserved charges computed from these vari-
ous counterterm-supplemented actions agree is not surprising in view of the results of refs.
[18, 25, 26]. The actions associated with the three counterterm prescriptions (2,3,14) all lead
to well-defined variational principles (as shown on general grounds in [18]) and the actions
are all finite on all solutions with the asymptotics of the Kaluza-Klein monopole. Con-
sequently the energies computed from the various approaches can only differ by c-number
terms [26]. However, while it is clear that the distinct choices (3) and (5) yield the same
mass for the monopole, the diagonal components of the boundary stress-energy tensor have
slightly different coefficients. The implications of this remain an interesting subject for future
investigation.
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